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Abstract

In 1998 Donovan and Howse proved that for all n there exist critical

. 2 2_ . .
sets of order n and size s, where |- | < s < " with the exception

of the case s = "72 4+ 1 when n is even. In this paper we will present
a construction for this case, where n > 6, based on the discovery of a
critical set of size 17 for a Latin square of order 8. This verifies that
there does exist a critical set of order n and size %2 4+ 1 when n is
even.

1 Definitions

For the purposes of this paper, Latin squares of order n are n x n arrays of
integers chosen from the set X = {0, ..., n — 1} such that each such integer
occurs exactly once in each row and in each column. An example of a Latin
square of order 6 is shown below.

0112345
1121314150
21314]15(0]1
31415012
4151011123
510111234

A Latin square can also be written as a set of ordered triples {(i, j; k) |
where symbol k occurs in cell (7, j) of the array}. In this paper, for a Latin
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square of order n, there is an implicit “mod n” after the third element in each
ordered triple; that is, the ordered triple (i, j; k) refers to (7, j; k (mod n)).

A back-circulant Latin square, of order n, (referred to as BC,,) is a Latin
square in which the cell (4, ) contains the symbol i + j (mod n). In terms of
ordered triples,

A partial Latin square P, of order n, is an n X n array with entries chosen
from a set X, of size n, such that each element of X occurs at most once in
each row and each column. Let P be a partial Latin square of order n. Then
| P| is said to be the size of the partial Latin square and the set of positions
Sp={(i,7) | (i,5;k) € P,3k € X} is said to determine the shape of P.

A critical set of a Latin square L is a partial Latin square contained in L
such that L is the only Latin square of order n with k in position (i, j) for
every (i,j,k) € C, and no proper subset of C' satisfies this requirement. See
[2] for further details.

For a given n, the spectrum of critical sets of order n is the set of values s
for which there exists a critical set of size s and order n. Papers have appeared
which provide some information about the spectrum of critical sets, but none
of these have been able to settle the question of the existence of a critical set

% +1 and order 2m. The size 22 4+ 1 has reasonable significance,

of size

as explained below. With this paper, Wé settle this outstanding question
and close one of the gaps in the spectrum of critical sets. The construction
pertaining to this case is given in Section 3. For the remainder of this section
we provide some background information and relevant results.

Let lcs(n) denote the size of the largest critical set in any Latin square
of order n and scs(n) denote the size of the smallest critical set in any Latin
square of order n. It was conjectured by Nelder [4] that lcs(n) = (n? —n)/2
and scs(n) = |n?/4]. The bound for lcs(n) was shown to be false in 1982,
when Stinson and van Rees, [5], exhibited examples of critical sets of size
greater than (n? — n)/2. Unfortunately, the research over the last twenty
years has not added much information and in general an upper bound is
given by n? — n. Fortunately, more is known about scs(n). In 1978, Curran
and van Rees, [2], showed that scs(n) < |n?/4], and more recently Bate and
van Rees [1] verified that for a special class of critical sets (strong critical
sets, see [1] for definition) scs(n) > [n?/4]. This brings us closer to a lower
bound, however in general, the size of the smallest critical set still needs to
be established.



In 1998, Donovan and Howse [3], proved that for all n there exist critical

sets of order n and size s, where L"—QJ < s < 22 with the exception of
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the case s = "72 + 1, when n is even. It is this case which is settled in the

affirmative by this paper.

In order to validate the construction we require the definition of a Latin
interchange and an association lemma.

Let P and P’ be two partial Latin squares of the same order, with the
same size and shape. Then P are P’ are said to be mutually balanced if
the entries in each row (and column) of P are the same as those in the
corresponding row (and column) of P’. They are said to be disjoint if no
cell in P’ contains the same entry as the corresponding cell in P. A Latin
interchange I is a partial Latin square for which there exists another partial
Latin square I’, of the same order, size and shape with the property that
I and I’ are disjoint and mutually balanced. The partial Latin square I’ is
said to be a disjoint mate of I. An example of a Latin interchange is given
below.

9 3 3 9

3145|678 41516783

4156|7189 914|15|6|7|8
I r

The following lemma clarifies the connection between critical sets and
Latin interchanges.

Lemma 1.1 A partial Latin square C C L, of size s and order n, is a critical
set for a Latin square L if and only if the following hold:

1. C' contains an element of every Latin interchange that occurs in L;

2. for each (i, j; k) € C, there exists a Latin interchange I, in L such
that I, N C' = {(1, j; k)}.

Proof.

1. If C' does not contain an element from some Latin interchange I, where
I has disjoint mate I’, then C' is also a partial Latin square of L' =
(L\ I)U[I'. Hence C is not uniquely completable.



2. If no such Latin interchange I, can be found, then the position (i, j; k)
may be deleted from C and C\ {(i, j; k)} will still be uniquely com-
pletable and thus a critical set for L.

2 Ciritical sets in Latin squares of orders 6
and 8

Let A= {(i,5;i+j) | (0<i+j<1)V(8<i+j<10)}. Then A is a
critical set of order 6 and size % = 9in BCy. Beginning with A, if we remove
(5,4;3) and add (3,2;5) and (3, 4;3) we get A’, which is a critical set of size
& 1 1=10 for LA.

01 1 011123145
1 1 1121314510
21314]15(0]1
2 5 312 410151132
1203 el ]12)3 5141110123
21314 B O R I I 31501012114

A A’ LA

Let B={(,j;i+j) ]| (0<i4+j<2)Vv (1l <i+j <14)}. Then B is
a critical set of order 8 and size % = 16 in BCg. Beginning with B, remove

(7,5;4) and (7,6;5) and add (4,3;7), (4,5;4), and (4,6;5). This gives B, a
critical set of size 8742 +1 =17 for LB:

0[1|2 1]2 01112{3[4|5|6|7
112 1 1121314[5]6|7]0
2 21314|5(6|7|0(1
. . 3(4(5|6]7|0|1]2
3 |7 41513 6(0[1712]4[5]|3
34 . 3|4 517161110234
31415 . 131415 71610211345
314|516 . 3 6 415(71013(1]2]6

B B’ LB




3 Critical sets in Latin squares of order n, n
even

. .. . 2
The above examples can be generalised to produce critical sets of size - +1,
when n is even.

Theorem 3.1 Tuake the critical set

3
¢ = {<i,j;i+j>\<0£z’+j§3—2)V<7”—1§z’+jg2n—2>}.
Construct the set

D = (C\{(n=1jj=1)|5+1<j<n-2)

n n n n
—qi=1)|=4+1<j<n-2 ———1in—-1)}
UG- a 1<) <n -2 U{(5 2~ 1n 1))

Then D s a critical set ofsize”;Jrl.

The proof is this result is presented below.

Henceforth, we shall refer to the completion of D as £D. The following
process outlines how D can be uniquely completed to £LD. In completing D,
at each step in the completion process the given cell is forced to contain the
specified symbol. If any other symbol were to be placed in the specified cell,
the result would not be a partial Latin square.

n

We begin by filling row 7 starting at column j = 0 and moving right to
column j = 7 — 2. In row 7, fill the cell in column j with

n — 2, when j = 0;

J—1,when1<j <2 —2

5 —2, when j = 3.
We will fill rows n — 2 to 5 + 1 sequentially, from left to right in columns 0

to § — 2, then column %, then column § — 1. So, for 2 < x < 7 — 1, and

0 <7 < 3 fill the cell in row n — z and column j with
(n—x)+j (mod n), when j # x — 1 and j # = — 2;

n —1, when j =2 — 2;



n — 2, when j =2 — 1;

n > __n.
5 —1—x, when j = Z;

no__

5 —x, when j =3 — 1.

When n > 8 the triangle bounded by the cells (5 4+ 1, § + 1), (5 + 1,n —3),
and (n — 3,5 + 1) is filled from bottom to top and left to right. If n > 8, for
3 <z <3 —2fill the cell in row n —z, column j =% +1toj=5+x—2
with (n — z) + j (mod n).

For 0 < j < % — 3, fill the cell in row n — 1 and column j with § + j (mod
n). Fill

n—1, when j =% — 2 and

0, when j = 5 — 1 with 0.

For § +1 < j < n— 2, fill the cell in row n — 1 and column j with j — 3
(mod n).
For 0 <z < 7 —1, fill the cells in row  sequentially right to left from column
j=n—1toj=7%—1—xz with z +j.

To prove the necessity of each of the symbols in the critical set D, three
types of Latin interchanges will be used:

Type (1)

This Latin interchange uses only two rows and consequently the same symbols
in each row. The disjoint mate is obtained by interchanging the rows. For
example, the Latin interchange I and its disjoint mate I’ can be represented
as:

I = {(ri,c15e1),(r1,c25€2), ooy (11, G €m—1), (71, Cms €m)
U {(7“2, C1; 62), (7“2, Ca; 63)7 e (7“2, Cm—1; em), (7“2, Cm; 61)}, and
[I = {(7"17C1;€2), <T17C2;€3>7...<T17Cm,1;€m)7 (Tlucm;el>}
U{(r2, c1;:€1), (12, €25 €2), ., (T2, Cm1; €m—1), (T2, Cims €m) }-
Type (2)

This Latin interchange uses three rows, with the top row containing two
elements. For example, the Latin interchange I and its disjoint mate I’ can



be represented as:

I = {(7’1701;37)7 (7“17Cm+1;y)}

U{(r2, c139), (r2, 21 €1), (12, ¢35 €2), -y (T2, G €m1), (725 Cmgr; €m) }

U {(rs, c15e1), (rs, case2), (r3, c3;€3), ..oy (3, Cmi €m), (73, Gy )}, and
I' = {(riei9), (11, Cmy1; ) }

U {(re, c15e1), (ra, ca5€2), (1o, c35€3), ey (T2, Cms €m), (T2, Criv13Y) }

U {(rs, c1; ), (r3,co5e1), (r3,¢3,€2), oy (T3, Cs €m—1), (T3, Cmt1; €m) }-
Type (3)

These Latin interchanges take a variety of forms and cannot be written as
simply as Type 1 and Type 2. Full details of these Latin interchanges are
presented at the end of this section.

For n = 6, proving that the elements in the example given above are nec-
essary is trivial. We assume n > 8 and prove the following. The following
Latin interchanges (/; through I;p) exist in £D:

I, is a Latin interchange of Type 1, and I; N D = {(5,5 — 1;n —1)}.

,1in—2)

U{(n =245 -2)|2<j< 5 -2}

n n n n

S R P N R
U{n 72 72 )7(n 7272 3)}

I; is a Latin interchange of Type 1, and b N D ={(n—1,n— 1;n —2)}.

n n
I, = Kg—L§—Ln—%}
n n n
C iD= 41<ji<n-—1
UKQ Jig )b+ <j<n-—1}

U{(n—1,5 ~1:0)}



U{(”—laj;]—§)|§+1§]§n—2}
U{(n—1,n—1n—-2)}.

I3 is a Latin interchange of Type 1, and I3ND = {(n—1,%;5 — 1)}.

n n n
I; = ——1,79:—+7—1 <7< ==2
3 {(G-Lig+ti-D[0=j<5-2}
n n
——1,—:n—1
U{(5 =1, 25— 1)}
U{n=1jij+35) 0S5 <5 -3)
n n n
—1,——2n—1),(n—1,—; = — 1}
U{(n 72 7n )7<n 7272 )}

I is a Latin interchange of Type 2, and for § +2 <2 <n -2, I4,ND =
{(z,32 —1—2;2 — 1)}

) 9 HD)
For 2 +2 < <n — 2, construct the Latin interchange

3

H = {(:p—g—l,n—x;g—l),(x—g—l,g
3

U=t —1+j) | s+1<j< 5 —1-x)

U{(z—1,n—z;n—2)}
n n n n
S PR PSR DI A BRAPT RS
U{('r 72 73: 2 )7(3: 727x 2) }

: NRL . _3n
U{@ iz +j) g +1<i<— —1-ux}

—1—zn-2)}

Uiz iz t+j) In—w<j<g -2}
U, 5 —Liw+ ), (@, i+ 5 — 1))
Then when x = § + 2, let Iy = H, and when § +3 <2 < n — 2, let
I4:HU{(:E—1,Z';$—1+2')|n—x+1§i§g_2},

I5 is a Latin interchange of Type 2, and for S +1 <z <n—-2 I;ND =
{(z,n—1;z—1)}.
For 5 +1 <2 <n — 2, construct the Latin interchange

n n n
I, = ——jix—=—4j) | =—1<j<n-1
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. n .
U{(z ——+1J5E +1+J)|§—1§J§n—1}

2
U{(:L’,§— ;x—§),(a:,n—1;x—1)}.

Is is a Latin interchange of Type 1, and IsN D = {(5 +1,n—2;5 —1)}.
If 4 | n, construct the Latin interchange

I = {(G-12:5-1+2)[0<j <)
n n
U{(g—l;g—l;n—Q)}U
U{(G-L2i5-1+2) | §<i<3}
U{(g—i—l2],2—|—1+2j)\0§j<z—1}
U{(5+1L5-2n=2),(5+L5 - LD}
U{(Z+1,2j;g+1+2j)\%<j<g}.
If 4 + n, construct the Latin interchange

Iy = {(2-1,2j;2—1+2)|0<j<——1}
2 " 2n 4
Ui~ 1 5m—1))
U{(G - 1255 —1+2)) | T <j <3}
u{(g+1,23,g+1+23)\0 ]<%—2}
U{(G+1,5=3n—1).(5+1,5:0)}
u{(n+12],2+1+23)\%<j<g}.

I7 is a Latin interchange of Type 1, and I; N D = {(5,n — 1;5 — 1)}.

If 4 | n, construct the Latin 1nterchange

n . n . n
I = {(--145-+7-1),(=

n n
a1t cicn o
1 1 4,J,4+J)|4_J_n }
TLTLTL n n
D) (= n—1—=—1).
U{(2 1 ),(Z,n 5 )}



If 4 + n, construct the Latin interchange
n—2n—2n n—2 n—~6
7 {( 4 ) 4 72 )7( 4 0 ) 4 )}
nn—2n—-6_n n
- — —n—1—=——=1)}
U{<27 4 ? 4 ),(2,77/ 72 )}
For 3 +1 < x <n —2, Igis a Latin interchange of Type 1, and IyN D =

{(3, ;2 - 1)}.

n

n n n
Iy = {(5—1755—5337_1)7(5—1737;54‘55_1)}
U{(Goe = 5i5 +a -1 Gaie - 1)},

For (3 <az+y <2n—2)A(z #n—1)A(y # n—1), Iy is a Latin interchange
of Type 1, and Iy N D = {(y,z;y + x)}.
n n n n

Iy = {(y—g,x—?wx),(y—§,x;y+fc—§)}
n n
U{(y,x—§;y+fv—§),(y,x;y+x)}-

Where 0 < x +y < 7 — 2, there exists a Latin interchange I of Type 3,
where 1N D = {(y,z;y +x)}.

If 0 <z+y < 5 — 2, determine the Latin interchange I1y using results
found in [3], as follows.

Let A denote the Latin subrectangle in £D7 (the transpose of LD)
bounded by the cells (z,y;y + ), (n — Ly;y — 1), (2,5 — ;5 — 14+ 1),
and (n — 1,5 — 1; 5 — 2). All future column and row references are relative
to this subrectangle; that is, a reference to the cell (i,j;k) means the cell
(i —x,j —y; k) in LDT.

Letc=5—y,r=n—rz,ande=n+1-c

Define the sequence of numbers a1, as, ..., ap to be integers where

a; = c¢—1 (mod e) and, for i > 2,
a = ;1 (mode—ay—...—aqq).
Let P be the value where ap # 0 and apy; = 0 for all ¢ > 0. For i =
1,2,..., P, let §; = a1 + as + ... + a;. Define
Ay = {(0,0;z+y),(0,c—1;c—1+x+y)} and if a; # ¢ — 1 define
By = {(c—=1—-aeyae;c—14+z+y),(c—1—ae,(a+1)ex+y)
1
oS TM gy

|0<a<
e
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If oy # 0, define
A = {le,e—1—aj;e—1+e—ag+x+vy),(e,c— Lz +y)},
and if a; # ap define

B, = {(Oq—a(e—al),c—1—a1;c_1+3;+y)’
(01— ale—ar),c= 1=+ (a+1)e—a)ic—1+e—a+z+y)
LBy,

|0<a<
e —

If P> 2, for 2 <1< P, define
A = {(e—=di1,c—1—aic—1+e—6+x+vy),
(e—0di—1,c—Lic—1+e—01+zx+y)}
and if o; # «a;1, define
B, = {(o;—(e—6)a,c—1—a;+ale—0;);c—1+z+y),
(p—ale—96;),c—1—a;+(a+1)(e=6);c—1+e—0;+x+vy)|

O — Q41
0<a << —— — 1L
=a= e —0; }

Then the set I;g = Ag U BoU A1 U By U ... U Ap U Bp is the required Latin
interchange.
4 Conclusion

Further research could include determining those values s > % for which
there exists a critical set of order n and size s.
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